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Oǫ[G] IS A FREE MODULE OVER O[G]
KENNETH A. BROWN, IAIN GORDON, AND J. T. STAFFORD
Abstract. We show that the quantised function algebra Oǫ[G] of a simply connected semisimple
algebraic group G at a root of unity is a free module over the subring isomorphic to O[G].
Let G be a simply-connected semisimple algebraic group over C. Let ℓ > 1 be an odd integer,
prime to 3 if G has a component of type G2, and let ǫ ∈ C be a primitive ℓ
th root of unity. The
quantised function algebra of G at ǫ, denoted Oǫ[G], is a noetherian C-algebra containing the ring
of regular functions of G, denoted O[G], in its centre, [4]. Since a false proof of the following
theorem, and a proof of the special case G = SL(2), have both recently appeared in the literature
(see the remarks below for details), it seems worthwhile to record the full result.
Theorem. As a module over O[G], the algebra Oǫ[G] is free of rank ℓ
dimG.
Proof. Thanks to [4, Theorem 7.2] Oǫ[G] is a projective O[G]-module of rank ℓ
dimG. By a result
of Marlin, [7, Corollaire 3], the Grothendieck group of projective modules over O[G] is trivial, in
other words
K0(O[G]) ∼= Z.
In particular, if P is a finitely generated projective O[G]-module then P is stably free. Hence if
the rank of P is greater than the Krull dimension of O[G], then P is necessarily free, [2, Corol-
lary IV.3.5]. Since ℓ > 1 we have KdimO[G] = dimG < ℓdimG = rankOǫ[G], so the theorem
follows.
It is incorrectly stated in [12, Lemma 8] that this result follows from [13, Theorem 2.2] in the more
general setting of a Hopf algebra, U , finitely generated over a central sub-Hopf algebra, O. However,
there exist numerous examples in the literature of Hopf algebras that are not free over central sub-
Hopf algebras. The ones closest in spirit to the present work occur in [14], where the author shows
that, when n is even, U = O[SLn(C)] is not free over the subring O = O[PSLn]. For example,
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consider the case n = 2. Then, O is the fixed ring UA, where A = Z/2Z = 〈σ〉 acts on the generators
xij of U by σ(xij) = −xij . This is even a Hopf-Galois extension with central invariants for the Hopf
algebra H = CA, in the notation of [12, §1.1]. This requires that U is an H-comodule algebra (use
the map ρ : U → U ⊗H defined by xij 7→ xij ⊗ σ) such that U
H = {x ∈ U : ρ(x) = x ⊗ 1} = O,
that the natural map U ⊗O U → U ⊗H given by x ⊗ y 7→ (x ⊗ 1)ρ(y) is bijective, together with
certain naturality conditions. These are easy to check in this case.
Remarks. 1. It is clear the proof of the theorem generalises a little. Assume k is an algebraically
closed field and U is a noetherian prime Hopf k-algebra, finitely generated as a module over the
central sub-Hopf algebra O. Then U is a projective O-module, [6, Theorem 1.7]. If K0(O) ∼= Z
then freeness follows as above when dimO is less than the rank of U over O.
2. One way to check that K0(O) ∼= Z is as follows. The algebra O is the ring of regular functions
of an irreducible affine algebraic group, say G, [5, Section I.3]. Let Ru(G) be the unipotent radical
of G and set Gred = G/Ru(G), by definition a reductive group. Thanks to [10, Proposition 4.1],
the projection G −→ Gred induces an isomorphism in K-theory, K0(G) ∼= K0(Gred). Now, if
the commutator subgroup of Gred, a semisimple algebraic group, is simply-connected we have an
isomorphism K0(Gred) ∼= Z, [9, Corollary 1.7 and Corollary 4.7].
3. For other situations where a Hopf algebra is free over particular subalgebras, see for example,
[11].
4. [3] proves the theorem for the case G = SL(2); in this case an explicit free basis is provided.
5. We do not know whether Oǫ[G] is a cleft extension of O[G]. It would be interesting to find
general conditions implying this.
6. The theorem appears in [1] too, where it is used in studying the representation theory of
quantised function algebras at roots of unity.
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